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We  obtain  sufficient  conditions  for  the  global  existence,  uniqueness,  and 
continuous  dependence  of.  solutions  of  the  quasilinear  Cauchy  problem  (in  one 
space  dimension) : 


y(0,x)  = y^lx) , y^(0,x)  = y^lx) 


(0  < t < »,  X c 3R) 


(x  e »)  , 


for  smooth,  small  data  y^,  y^,  and  g.  In  (*)  subscripts  denote  partial 
differentiation,  ot  > 0 is  a constant,  c : K -►H,  g : 10, »)  x K ->•  ]R, 

Yq'  ■■  ® are  given  sufficiently  smooth  functions,  and  a e C^(]R) 

satisfies  cr(0)  ==  0,  o'(^)  ^ e > 0 (£  e ]R) ; the  "genuinely  nonlinear" 
problem  a"(C)  ^0  is  of  primary  interest.  The  results  can  be  used  to  study 
certain  nonlinear  Volterra  functional  differential  equations  arising  in  heat 


flow  and  viscoelastic  motion  for  "materials  with  memory". 
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SIGNIFICANCE  AND  EXPLANATION 


This  paper  concerns  the  initial  value  problem  for  the  one  dimensional 

(0  < t < “/  < X < ®) 

(-«>  < X < , 

where  the  subscripts  t,  x denote  partial  differentiation,  a > 0 is  a fixed 
constant,  and  the  given  real  functions  a,  g,  y^,  y^  are  assumed  to  be 
sufficiently  smooth.  If  a{C)  = -<»  < ' < <»,  c a constant,  equation  (1) 

is  the  linear  wave  equation  with  dissipation  which  can  be  solved  explicitly 
by  elementary  methods. 

However,  there  are  problems  arising  in  such  applications  as  fluid  dynamics, 

electrodynamics,  elasticity,  and  others  in  which  the  linear  problem  a(^)  = c C 

does  not  adequately  model  the  physical  situation,  if,  for  example, 

2 

o(C)  = c C + f{C),  where  f is  a smooth  function  with  f(0)  = f'(0)  =0 
2 

(e.g.  f(C)  = C ),  (1)  can  no  longer  be  solved  explicitly;  yet  it  is  important 

to  obtain  qualitative  information  about  solutions.  Before  one  can  do  this, 
one  must  know  what  types  of  solutions  exist  and  for  how  lont.  If  a = 0,  g = 0 
in  (1) , it  is  known  that  solutions  can  develop  singularities  in  the  first 
derivatives  at  a finite  time  t,  even  for  arbitrarily  smooth  data  y^tx), 
yj^(x)  (such  solutions  are  called  "shocks"). 

It  is  the  purpose  of  this  paper  to  obtain  reasonable  sufficient  conditions 
for  the  global  existence  and  uniqueness  of  smooth  solutions  of  (1)  for  a > 0. 
Our  result  states  that  such  solutions  exist  for  0 < t < 00  ^ —CO  < < 00  ^ 

provided  the  data  functions  y^,  y^,  g eire  sufficiently  smooth  and  small  (in 
a suitable  norm) ; we  also  show  that  the  solutions  depend  continuously  on  the 
data.  Consequently,  shock  solutions  do  not  arise  in  our  situation.  As  an 
application  we  indicate  briefly  how  our  result  can  be  used  to  discuss  a 
problem  arising  in  nonlinear  heat  flow  and  viscoelasticity. 

The  method  of  proof  is  technical  and  involves  an  extension  of  a method 
of  T.  Nishida  who  studied  (1)  with  the  forcing  term  g = 0;  Nishida  did  not 
consider  the  problem  of  the  continuous  dependence  of  the  solution  on  the 
data  Vq,  y^,  and  g. 

The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 


quasilinear  wave  equation  with  dissipation 
Y(0,x)  = VqM,  y^(0,x)  = y^(x) 


(1) 


A FORCED  QUASILINEAR  WAVE  EQUATION  WITH  DISSIPATION 

* 

J.  A.  Nohelt  Madison,  Wisconsin 


1_.  Introduction.  We  study  the  global  existence,  uniqueness  and  continuous  depen- 
dence on  data  of  smooth  solutions  of  the  initial  value  problep 
\jl.jl)  + ay^  - "9  (0  < t < ”,  x e 3R)  , 

(1.2)  y(0,x)  - VqM  , y^(0,x)  ” yj(x)  (x  e ir)  , 

where  the  subscripts  t,  x denote  partial  differentiation,  o > 0 is  a fixed 

constant,  o : K -*■  IR,  g : (0,”)  x K -t-®  and  y^,  y^  : » » are  given  smooth 

functions.  We  shall  assume  throughout  that 

« 

(a)  a t C^(»),  0(0)  - 0,  a*  (C)  1C  > 0 (C  e K;  e > 0)  ; 

the  case  a" (Z)  J(  0 is  of  primary  interest. 

If  a ” 0,  g = 0 it  is  known  [4],  (7)  that  solutions  of  the  Cauchy  problem 
(1.1),  (1.2)  will  in  general  develop  singularities  in  the  first  derivatives  even 
for  smooth  data,  and  smooth  solutions  will  not  exist  for  large  t.  If  a > 0, 
g = 0 Nishlda  [10] , has  established  the  existence  and  uniqueness  of  glottal  smooth 
solutions  of  (1.1)  for  smooth  and  sufficiently  small  data  (1.2)  by  a remarkably 
simple  method. 

It  is  the  purpose  of  this  note  to  (i)  extend  Nishida’s  method  to  obtain  the 
global  existence  and  uniqueness  of  smooth  solutions  of  (1.1),  (1.2)  with  g ^ 0, 
and  (ii)  study  the  continuous  dependence  of  solutions  of  (1.1),  (1.2)  on  the  data 
^O'  '^l'  result  (i)  is  implicit  in  a recent  paper  of  MacCamy  (5);  however, 

his  proof  of  the  attalogue  of  the  important  Lemma  2.3  below  is  not  entirely  complete. 
The  result  (ii)  is  new. 

We  remark  that  our  results  (i)  and  (ii)  can  ]9e  used  to  obtain  a local  existence 
and  uniqueness  result  for  smooth  solutions  of  the  functional  differential  equation 

(1.3)  y^^  + oy^  - (v(y^))^  - G(y)  (0  < t <_  T,  x e K)  , 

subject  to  the  initial  condition  (1.2),  for  some  T > 0.  In  (1.3)  G is  a given 
mapping  defined  on  a suitable  function  space,  and  G satisfies  a Lipschitz  type 
condition.  While  limitations  of  space  do  not  allow  us  to  present  this  problem  in 
detail,  we  point  out  that  if  F(g)  denotes  the  solution  of  (1.1),  (1.2)  on 
[0,T]  X K,  then  a solution  of  (1.3),  (1.2)  is  a fixed  point  of  the  composition 
map  K defined  by  K(y)  - F(G(y)).  Such  a fixed  point  can  be  found  with  the  aid 
of  our  continuous  dependence  result  for  smooth  solutions  of  (1.1),  (1.2)  for 
sufficiently  small  data  in  a manner  similar  to  the  method  we  used  with  Crandall 


* 
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in  (1)  to  Bolvo  a functional  differential  equation  in  which,  however,  the  under- 
lying problem  was  an  evolution  equation  of  parabolic,  rather  than  hyperbolic 
type.  TJie  details  will  be  presented  in  a forthcoming  joint  paper  with  C.  Dafermos. 

T)ic  Cauchy  problem  (1.3),  (1.2)  has  arisen  in  certain  applications  in  heat 
flow  and  viscoelastic  motion  for  “materials  with  memory"  studied  by  MacCamy  [5], 

(6);  the  functional  G has  the  fora 

t 

(1.4)  G(y)(t,x)  » f;t,x)  + ey(t,x)  + / b{t-T)y(T,x)dT  , . 

0 

where  Y is  a real  smooth  function  on  (0,“)  * » such  that 

sup  |Y{t,x)|  « 1.^(0,-)  sup  It  (t,x)I  e l"{0,-)  , 

xf»  xe» 

6 > 0 is  a constant,  aTid  b e L^(0,“;ll),  the  value  of  G at  (t,x)  depends 

on  the  restriction  of  y(‘,x)  to  (0,t].  In  I5J,  (6)  the  interest  is  in  the 
existence  of  global  smooth  solutions  of  the  Cauchy  problem  (1.3),  (1.4),  (1.2); 
this  is  carried  out  by  combining  Nishida’s  method  with  certain  delicate  a priori 
estlmatea  obtained  by  energy  methods.  However,  the  proof  in  [51,  [61  appears  to 
us  to  be  incomplete,  because  the  local  existence  problem  for  (1.3),  (1.4),  (1.2), 
tihlch  can  be  handled  by  the  method  outlined  above.  Is  essentially  ignored. 

In  Section  2 we  obtain  the  desired  results  for  a "diagonal"  strictly  hyperlsolic 
system  of  first  order  equations  equivalent  to  (1.1),  (1.2);  the  results  for  (1.1), 
(1.2)  follow  as  an  easy  corollary  and  these  are  stated  in  Section  3.  We  ac)uv>w- 
ledge  useful  discussions  with  H.  C.  Crandsll,  C.  Dafemos,  and  R.  J.  DiPerna  during 
the  preparation  of  this  paper. 

Finally,  we  mention  related  work  of  Katsuamra  (8),  [9)  received  after  the 
completion  of  this  paper;  the  author  generalizes  Nishlda’s  results  for  (1.1),  (1.2) 
with  g 3 0 from  one  space  dimension  to  quasilineor  hyperbolic  equations  in 
several  space  dimensions,  and  he  obtains  global  existence  of  weak  solutions  and 
results  concerning  their  decay  (Nishlda's  method  does  not  apply  in  this  ease). 

2.  Equivalent  Systems  arri  Preliminary  Results.  Wo  assisss  that  o in  (1.1) 
satisfies  assumptions  (o) . In  addition,  assusw  that  g,  and  the  initial  func- 
tions y^j,  Tj  in  (1.1),  (1.2)  satisfy; 

(g)  g.  g » c((0,-)  s JO,  g(t)  • sup  |9(t,x)|  f l"(o,-)  ^l^co,-)  , 

* xrr. 

g (t)  - sup  |g  (t,x)|  e L**(0,»)  , 
x«» 

(I)  y^  e B^(»).  * 8'(»)  , 

where  6**  dciMtcs  the  set  of  real  functioim  with  continoocs  and  bounded  deriva- 
tlven  up  to  and  including  order  m. 

Following  Nlshida  (10)  wc  reduce  the  Cauchy  prc4>lem  (1.1),  (1.2)  to  the 
cqutv.'dcni.  syulcra  (2.3)  )>e]ow.  Putting  Yj,  " f and  - w in  (1.1),  (1.2) 
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yi»ld»  the  equivAlent  Cauchy  problem 

I V - w - 0,  w - o‘(v)v^  4 

(2.1)  \ 

^v(0,x)  - VqM  , w(0,x)  - 


aw 

(X) 


The  el9envalucs  of  the  matrix  of  (2.1) 

0 1 

-<J ' (v)  0 


(0  < t < ••i  X * K) 

(x  r K)  . 


are  X » -/o'  (v) , u ■ /o'  (v)'j  by  assumptlona  (a),  X and  vi  are  real  and  dis- 
tinct so  that  (2.1)  is  a strictly  hyperbolic  problem  in  the  region 
l{v,w)  1 V * K,  w e »).  To  diagonalize  (2.1)  Introduce  the  Riemann  invariants 

V 

(2.2)  1 ■ w + ♦(v) , s - w - ♦(v) , ♦(v)  « / /o'  (£)  dC  ; 

0 


by  (o)  the  mapping  (v,w)  -*•  (r,s)  defined  by  (2.2)  is  one  to  one  from  ® x n 
onto  SI  X K.  A simple  calculation  shows  that  (2.1)  is  equivalent  to  the  Cauchy 
problem  for  the  diagonal,  strictly  hyperbolic  system 


(2.3) 


+ Xt 

4 2. 

X 

2 

* ys 

X 

a 

^2 

(0  < t < »)  X e ®) 


r(0,x)  ■ s(0,x)  «■  8q(x) 


(x  e m)  , 


where  by  (2.2)  X ■ X(r-8),  u ■ u(r-s)  c C’(3R),  and  where  by  (2.1) 

(2.4)  ■ Yj^tx)  + ♦(yQ(x)),  Sq(x)  ■ yj^(x)  - ♦(yQ(x))  (x  e IR) 

by  assumptions  (o)  and  I,  the  initial  data  r , s e 6^(1R).  It  is  also  :,een 

• V V 

that  if  r,  8 is  a smooth  (B*)  solution  of  the  problem  (2.3)  for 

(t,x)  e I)  £ (to,**)  XU),  then  y,  determined  by  the  relations  y^  - w(r,s), 

y ■■  v(r,s)  (where  v,  w are  uniquely  determined  by  (2.2)),  will  be  a smooth 
*2 

(6  } solution  of  the  Cauchy  problem)  (1.1),  (1.2)  aix!  conversely;  we  shall  there- 
fore deduce  our  results  for  (1.1),  (1.2)  fron  (2.3). 

The  following  local  result  for  (2.3)  is  known  [2;  Sec.  8],  [3,  Theorem  VI]: 

Lenria  2.1.  Lot  r^,  s^  e 6^(K),  let  assumptions  . (g)  hold,  and  assume  that 
g,  g^  t 6®  for  (t,x)  t [0,T]  x p,  whore  T > 0.  Then  there  exists  a number 
0 < Tj  ^ T such  that  the' Cauchy  problem  (2.3)  has  £ unique  smooth  solution 

T,  B t B^((0,Tj^)  * K). 

The  objective  of  the  next  two  lemmas  is  to  obtain  apriori  estimates  on  r,  s, 
r^,  s^  (and  hence  by  (2.3)  on  r^.,  s^.) , Independent  of  T,  which  enable  us  to 
continue  the  local  B^-solutlon  in  t by  a standard  motiiod. 

Lemma  2.2.  Let  the  asnumptlons  of  Lemma  2.1  hold.  In  addition,  assume  that 

g(t)  " sup  |g(t,x) I t L^(0,«) . Define  U)e  a priori  constant  M.  > 0 ^ 

- x< » 

•• 

“ ’"n  °n  ■'  ^ / 5<C)dC,  r - sup  |r  (x)|,  s - sup  [s  (x)|  . 

0 x«»  xeR 
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i 

j 


For  <»  loivy  as  the  B -lolution  s ££  (2.3)  oxints  ono  has 
(2.5)  sup  |r(T,X)|  i Mq,  Bup  l8(T,X)|  £ Mp  . 


NtR 

0<T<t 


xen 

0<T<t 


Sketch  of  Proof.  The  proof  is  similar  to  toat  of  [10,  Lemma  1],  15,  Lemma  6.2). 
Define  the  X and  u characteristics  of  (2.3)  respectively  by 

t t 

(2.6)  X - X.  (t.B)  - B + / Xdx,  X ■ x,(t,Y)  » Y + / PdT  (6,Y  « ®)  , 

0 0 

where  X - X(r(t,Xj^(t,B))  - s (t.Xj^  (t,  B) ) ) # M ••  liIr(t,X2(t,Y) ) - s (t.x^  (t,Y) ) ) • 

3 2 3d 

Let  ^ ^ » ' “ 3^  ^ 3x  differentiation  along  the  X and  vj 

clMiracteristics  respoctlvely,  thus  r'(t,x,)  - r (t,x,  (t,  B) ) , 

J.  ati  I 

8'(t,X2)  " ^ s(t,X2(t,Y) ) . Equations  (2.3)  become  the  ordinary  differential 
equations 

{—  r (t,Xj^(t,  B))  + ^ (r(t,x^(t,6))  + s (t.x^^ (t, B) ) ) ••  g (t,Xj^ (t,  B> ) 
da 

~ 6(t,X2(t,Y))  + 2 <r(t,X2(t,Y))  + stt.Xjtt.Y))  ■ g(t,X2(t,Y))  > 

note  that  solutions  of  (2.7)  will  exist  for  as  long  as  the  slopes  X,  v of  the 
characteristics  x^(t,B)  and  X2(t,Y)  remain  )x>unded.  Put 


R(t)  - sup  e^  [|r(T,x)l  + |s(T,x)I]  , 

0<T<t 

xcn 

r - sup  |r  (x)|,  8 - sup  Is  (x)|  . 

x«lR  " xf» 

Integrate  each  of  the  equations  (2.9)  using  r (0,Xj^ (0, B) ) - ^qCB), 
s(0,X2(0,Y))  ■ “o^Y)  (see  (2.3),  (2.6)),  add  the  resulting  equations  and  take 
absolute  values;  a standard  argument  yields  the  inequality 

, t t |c 

(2.8)  R(t)  1 ®o  2 / R{C)aC  + 2 / 8*^  g(t)de  . 

0 0 

Gronwall's  inequality  applied  to  (2.8)  gives 

ot  a 
^ t t 

(2.5)  R(t)  1 (r.+B  )e^  + 2e^  / g(C)d?:  , 


and  thus  finally 
(2.10} 


sup  (|r(t,x)I  + |s(T,x)l)  iM-  , 
0<T<t  ^ 

»f  Jl 


aixl  I'ho  proof  is  complete. 


I.cmina  2.3.  Lot  the  accumptlons  of  Lemma  2.1  nnd  (g)  bo  satisfied.  Dnfiije  the 
conntant  D^  > 0 ^ 
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1 II  » 

")  L (0,®) 


D ■ + *0  "“P  I ■*■  ““P  I + Il5ll  1 + Il9ll  , + l|g 

^ ° ° xeR  ® X«3R  ° L^0.«)  L (0,») 

For  as  long  as  tho  B^-solution  r,  s of  (2.3)  exists  and  if.  iS.  suf f iri<»ntly 

ssall,  there  exists  a constant  * 0 whore  0 « -»  0, 


such  that 
(2.11) 


•up  k„(t,x)  I £M  , sup  |s  (t,x)  I 
x«R  ^ xe» 


Sketch  of  Proof.  (Compare  (10,  Lemma  2),  (5,  Leimna  6.3).)  Differentiate  tho  first 
equation  in  (2.3)  obtaining  (recall  X - X(r-s)) 


(2.12) 


r . + Xr 

Xt  XX 


-X  r^  - X r 8 - ^ 

rx  sxx  2 xx  X 


We  remark  that  although  Lemma  2.1  does  not  assert  the  existence  of  r^^  and  r^^., 

note  that  the  left  side  of  (2.12)  is  r'  and  this  does  exist  for  as  long  as  the 
1 ^ 

P -solution  r,  s of  (2.3)  exists.  This  observation  also  justifies  the  validity 
of  equations  (2.12)-(2.18)  which  follow.  Since  v “ “X  the  second  equation  in 
(2.3)  gives 

(2.13) 


*x  ’ !x  ^ " n 


Define 

(2.14) 


h - I log(-X(r-s)) 


Differentiating  h along  the  X-characteristlc  and  using  X^  ■ -X^  gives 

X 

(2.15)  h'  - 


^ (-  I (r+s)  + g - s') 


Substitution  of  (2.13),  (2.15)  Into  (2.12)  yields 

Vx  - ix  ^ ^ ® ^ ^x 


or  equivalently 


(2.16) 


ix  •"  4X  ^ ^ V® 


r-8 


Define  the  function  z by 
(2.17) 

2 

then  z'  - - e'’(r+s)  + e^g  - e'^s'  and  (2.16)  becomes 


(o\)'  + {|+  X^r^)e\  - z'  + 


(2. IB) 

To  integrate  (2.18)  along  tho  X-charactcristic  put 


k(t)  - - + Xj^(r(t,Xj^(t,8))  - s(t,Xj^(t,n)))r^(t,Xj^(t,B)) 
(2.19)  ^ p(t)  - r^(t,Xj(t,B))exp(h(t,Xj(t,P))] 

p(t)  - z'(t,Xj(t,P))  + g^(t,Xj(t,B))exp(h(t,Xj(t,S))]  . 
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Then 


t 

t t 

(2.20) 

p (t)  - p (O)exp(-  / 

)c(T)dTl  + / p(C)exp[-  / )<(T)dT)dC 

0 

0 t 

Suppose  we 

can  show  that  for  any  solution  r,  s of  (2.3) 

(2.21) 

|x  t 1 < 7 . 

' r x'  — 4 

Then  )((t) 

and  by  an  easy  calculation 

(2.22) 

Ip(t) 1 < 1p(0) 1 

+ 3 sup  l2(T,X  (T, B) ) 1 

0;^T_<  t 

a 

Bup  Ig  (t,x  (t,B))exp  h(T,x  (t,B) 1 
0<T<t 

We  next  show  that  (2.21)  holds  for  any  solution  r,  s of  (2.3),  provided  the 
constant  > 0 is  sufficiently  small.  Indeed,  at  t » 0 and  for  any  B f ]R 
X^(r{0,6)  - s(0, B) )r^(0,6)  satisfies 

(2.23)  it' (6)1  (rQ(B)  - s (B))|  < sup  lr^(x)l  {rp{x)  - Sq(x))1  < ^ 

^ xtTR 

provided  D > 0 is  sufficiently  small.  By  (2.19)  1 r » X o and  by  (o) , 

(2.14)  and  Lemma  2.2  |X^e  | is  uniformly  bounded  in  (t,x)  by  a constant 

Kj(Dj^)  > 0,  where  ^ 0,  for  any  solution  r,  s of  (2.3).  By 

(2.14) ,  (2.17),  (2.22)  and  Lemma  2.2  the  quantity  p is  uniformly  bounded  for  any 
solution  r,  s of  (2.3)  as  follows: 

(2.24)  lp(t)|  ± |p(0)l  + 3 sup  !ttr(T,x)  - s(t,x))1 

O^T^t 
x«  3R 

^ ^ sup  /-Xtr(T,x)  - s(t,x))'  Ig  (t,x)| 

0£T<t 

xeR 

_<  K2(Dj^),  where  K^iD^)  +0  as  -*•  0 . 

Therefore  *^2 ^^1^  uniformly  in  (t,x)  for  any  solution  r,  s of 

(2.3).  The  assertion  (2.21)  holds  at  t « 0,  for  sufficiently  small  (by 

(2.23)).  Choosing  smaller  if  necessary  so  that  Kj^(D^)K2(Dj^)  1 we  con- 

clude that  (2.21)  continues  to  hold  for  as  long  as  the  solution  r,  s exists. 
Returning  to  (2.22),  (2.24)  and  using  r^  ■ pe  establishes  the  estimate  for  r^ 
in  (2.11);  a similar  argument  yields  the  estimate  for  s^  and  completes  the  proof 
of  Lemma  2.3. 

The  a priori  estimates  of  Lemmas  2.2  and  2.3,  together  with  HgH  < «> 

l“’(0,~) 

yield  uniform  a priori  estimates  for  r^.,  s^,  for  any  solution  r,  s of  (2.3), 
provided  > 0 is  sufficiently  small.  Then  Lemmas  2.1,  2.2,  2.3  and  a standard 
continuation  argument  give  iliu  first  part  ot  the  following  global  result  loi  the 
Caucljy  prolilcm  (2.3). 
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Theorem  2.1.  Let  t)io  asauwption  (o)  i (g)  ^ aatiaflcd,  and  lot  the  initial  dgtn 

ifp.  Sq  f B (3R) . the  constant  (seo  Lemma  2.3)  ^ suf fieientl'y  swell , then 

tlie  Cauchy  probl  em  (2.3)  has  a unique  B^-solutlon  r,  s for  0£t<>»,  xc  ]R 

and  tho  a priori  estimates  (2.5) , (2.11)  are  satisfied  for  0 £ t < *. 

Let  the  above  assumptions  be  sati-sfied  by  initial  data  r^,  and  r^,  s^ 

end  forcing  functions  g,  gj  denote  r,  s and  r,  s tho  corresponding 

solutions  of  (2.3)  on  I0,»)  x Define 

C(t)  ■ sup  |r(t,x)  - r(t,x)|  + sup  |s(t,x)  - s(t,x)|  . 
x«]R  xe» 

Then  there  exists  £ constant  - M2(a,MQ)  > 0 such  that 
2M  M t t -2M  M T 

(2.25)  C(t)  ^ e (C(0)  + / e sup  |g(T,x)  - g(T,x)  |dT)  (0  £ t < «)  , 

0 xf » 

where  M^,  are  the  bounds  in  (2.5),  (2.11)  respectively. 


RMiark.  The  continuous  dependence  result  (2.25)  also  holds  for  local  solutions 
r,  8 and  r,  s on  (0,Tj^]  x (o,  ) of  the  Cauchy  problem  (2.3)  (see  Lemma  2.1), 
but  only  for  0 i.  t 

Proof  of  Theorem  2.1.  It  remains  only  to  prove  (2.25) . If  r,  s and  r,  s are 
B^-solutions  of  (2.3)  for  tho  situation  in  the  theorem,  one  has 


(r-r)^ 

+ Xr 

1 u 

1 

t 

X 

(ft 

1 

ft 

+ liB 

X 

- Us, 

o 

2 


0 < t < 
X e 3R 


subject  to  the  initial  conditions 

(2.27)  r(0,x)  - r(0,x)  « r^ix)  - s(0,x)  - s(0,x)  = Sq(x)  - Sq(x) 

where  \ - X(r-s),  p = u(r-s),  X = X(r-i),  p - p(r-s).  But 

■'>^x 


(2.28) 


Xr 

- X ir-r)^  + 

X 

X 

X 

\1S 

" vs 

“ V(s-s)^  + 

X 

X 

X 

rritten  as 

a 

->x 

2 

[ (r-r)  + (S' 

■^’x 

a 

■ — — 
2 

[ (r-r)  -t  (S' 

I of 

X,  p 

and  using 

(x  e m) 


one  has 


X - X(r-s)  - X(r-8)  ■ ^ (r  - s + 0 (r  - s - (r-s)l)(r  - s - (r-s) ) 

dt  1 


p - p - p(r-B)  - p(r-s)  - (r  - s + e^Ir  - 


(r-s)))  (r-s  - (r-s))  , 


for  some  0 < 0^,  0^  < 1.  Tliereforo,  (2.28)  becomes 
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(r-r) ' + j (r-r) 


o ^ <‘)(r  - r - (•-8))r  + 9 

2 a\  X 


(2.29) 


(s-S)'  + I (•-»)  • “ I (r-r)  - ^ (•)  (r  - r - (•-5))*^  + 9-5 


3 9 3 3 

where  next  note  th«t  eeeumptlon  <o)  anc) 

Lenme  2.2  end  2.3  imply  the  exietance  of  a cenetent  > MjCatM^)  such  thut 


(3.30) 


• (Oa  < M M 


2 X ' 


uniformly  in  (t.x)  • tO.a)  x K wharo  .Vs  the  bound  in  Lanna  3.3.  Intaqrat- 
ing  the  first  equation  in  (2.39)  along  any  X-oharaotarlttic  and  the  second  along 
any  u-nharaotariatic  and  na)(lng  aimpla  astlmabaa  one  obtains  the  pair  of  Inaqualitiaa 


t 


a^  Bup  |t(t,x)  - r (t,x)  I £ eup  jr  (x)-r  (x)|  ♦ / a*  aup  |g  (T,x)  - g (t,x)  |dT 


x«» 


x<» 


t It 


MS 

t Tt 


+ / a^  (j  + MjMj^)  aup  |a(T,x)  - b(t,x)  Idt  + M^Mj  / a*  aup  |r  (t,x)  - r(T,x)  |dT  , 


xrs 


MS 


ft 


t Tt 


Be  A I 

sup  |a(t,x)  - i (t,x)  1 ^ aup  |b  (x)-e  (x)]  + / a^  aup  |g(t.x)  -9(t«x)  |df 


MS 


MS 


.t 


MS 

t 


♦ / a^  (f+M-M.)  aup  |f(t,x)  - c(T.x)  |dT  ♦ M^.  / a*  sup  Is(t.x)  - B(t(X)  |dT 
0 * ^ ^ MS  * ^ 0 MS 


Adding  thaaa  insqualitlaa  one  obtains  on  using  the  definition  of  ( 
(3.31) 


It 


t It 


C(t)a*  <.  C(0)  + 3 / a*  sup  lg(t,x)  - g(Tix)|dT 
0 MS 


+ / (ft  3M  M )a^'  C(T)dT  (0  < t < -)  . 

0 * * 

Finally,  applying  Gronwall's  insguality  to  (3.31)  yields  the  result  (3.39)  complat- 
ing  tha  proof. 


3.  Global  Exiatanoa,  Unittuanass.  and  Continuous  Pspandsnea  for  tha  Cauchy  Problem 
(1,1),  (1.2).  As  an  Isnadlsts  oonsegusnea  of  Tbaorsai  3.1  and  of  tha  aguivalanca 
of  tha  Cauohy  problasis  (1.1).  (1.3)  and  (3.3).  (3.4)  wa  ebuin  tha  SMiln  result  of 
t.Sis  paper. 


Theorem  3.1.  bat  tha  assumptions  (o>,  (g).  (I)  ba  sat is f lad-  Pafina  the  constant 

(3.1)  P-aup  |y'(x)|  tsup  ly.(x)|  tsup  |y"(x>lt  ||g||  , t llg|l  , + llgill, 

MS  ” MS  * MS  “ L*(0,-)  L (0,»)  ^L(0.-) 

11  D is  sutficiontly  ainall.  then  the  caughy  problssi  (1.1).  (1.3)  has  a unique 

9*-aolution  y on  (0,«)  x s.  a]]d  jjhj,  solution  y sstisfias  the  £,  priori 


I 


-0 


(3.2)  oup  |y  (t,x)|,  Bup  |y  (t,x|  .1  sup  |yi(x)  | + sup  ly.  (x)  | * 3 J g(f,)dr,  ■ m 

x» » xf « “ xe » x« » 0 ° 

(0  < t < -)  , 

?J2^  exitita  a conatjiit  “ Mj^(D)  > 0 (which  -»  0 as  D -»  0)  such  that 

(3.3)  sup  I'  ‘‘‘P  I ' •“**  -*^1  (0  < t < •)  . 

x«  It  xt  St  x<  It 

Lot,  In  addition,  thu  assumptions  (g)  and  (1)  ^ aatisf lad  also  by  func- 

tloi'H  q and  y^,  and  let  y dsnoto  the  cotraspondlnq  6^-solutlon  on 

(0,»)  X H.  Define 

t(t)  » sup  |y  (t,x)  - y (t,x)  I + sup  |y^(t,x)  -y.<t,x)|  i 

X*®  x*» 

then  pxlBts  £ eonatant  » (o,Mp)  » 0 such  that 

2M  M t t -2«  M T 

<3. 4)  c<t)  < a ^ (t(0)  + / a ^ sup  |g(T,x)  -5(t,x)  |dT)  (o  £ t < »>)  , 

0 X«» 


whern  M^,  aru  bounda  in  (3.2),  (3.3)  raspectlvolv i moroovsr  (using 
t 

y(t,x)  - yQ(x)  + / y (T,x)dT)) 

0 

sup  |y(t,x)  - y(t,x)|  i sup 

x»®  Xf» 


(sup  |y*(x) 
x«» 


t -2M  M t 

+ / « sup  |g(T,x)  - g(T,x)  |dT)  (0  ^ t < -) 

0 X*» 
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•4.  aeitaaeT fSMuaw* a fSMrM aMi tf sMSMseeMf ieiaNlT ir s^ms Mssso 

We  obtain  sufficient  conditions  for  the  global  existence,  uniqueness,  artd 
continuous  dependsnce  of  solutions  of  the  quasllineer  Cauchy  problsn  (in  one 
space  dimension) i 

^ (0  < t < «,  X t ») 


(*) 


y(o,x)  ■ y^C*)#  y^(o,x)  ■ y^cx) 


(x  « m)  , 

for  smooth,  small  data  y^,  y^,  and  g.  zn  (*)  subscripts  denota  partial 


oo,;r>.i4w 
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20.  ABSTRACT  - Cont’d. 


dif forentlstiotit  a > 0 la  a constant>  Q « R R»  9 • tO**)  * R *2®' 

Vq,  : R -*•  R are  given  sufficiently  smooth  functions,  and  o e C^(R) 

satisflaa  o(0)  > 0,  o' (C)  > c > 0 (f  • R) ) th«  "ganulnaly  nonlinear" 
problem  a"{K)  ^0  is  of  i^iMry  intsrsat.  The  results  can  be  used  to  study 
certain  nonlinear  Volterra  functional  differential  equations  arising  in  heat 
flow  and  viscoelastic  notion  for  "materials  with  memory". 


